In this paper, we study the existence of multiple positive solutions for boundary value problems of high-order Riemann-Liouville fractional differential equations involving the p-Laplacian operator. Not only new existence conclusions of two positive solutions are obtained by employing functional-type cone expansion-compression fixed point theorem, but also some sufficient conditions for existence of at least three positive solutions are established by applying the Leggett-Williams fixed point theorem. In addition, we demonstrate the effectiveness of the main result by using an example.
Introduction
In this paper, we study the high-order Riemann-Liouville fractional differential equations with p-Laplacian operator as follows:
] (i) (0) = 0, i = 0, 1, 2, . . . , n -2;
))] t=1 = 0;
(1.1)
where n -1 < α ≤ n, R 0 D α t is the standard Riemann-Liouville fractional derivative, ϕ p is the p-Laplacian operator, p > 1 and ϕ p (s) = |s| p-2 s, ϕ -1 p = ϕ q , 1 p + 1 q = 1, f ∈ C([0, 1] × [0, +∞) × (-∞, 0], [0, +∞)). By using some fixed point theorems, we establish sufficient conditions that ensure the existence of multiple positive solutions for system (1.1) .
Fractional calculus has been applied to various areas of engineering, physics, chemistry, etc.; it is due to the fact that fractional derivatives provide power tools for describing mem-© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other third party material in this article are included in the article's Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is not included in the article's Creative Commons licence and your intended use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/. ory and hereditary characteristics. There are many papers and monographs that deal with all kinds of problems in fractional calculus (see [1] [2] [3] [4] [5] [6] ).
It is well known that the p-Laplacian operator is also used in analyzing dynamic systems, physics, mechanics, and the related fields of mathematical modeling. For studying the turbulent flow problem in a porous medium, Leibenson [7] introduced the model of a differential equation with the p-Laplacian operator. Since then, p-Laplacian differential equations have been widely applied in different fields of physics and natural phenomena, see [8] [9] [10] [11] and the references therein. In recent years, the topic of fractional-order boundary value problems with the p-Laplacian operator has been intensively studied by several researchers, many important results related to the boundary value problems of fractional p-Laplacian equations have been obtained. We refer the reader to [12] [13] [14] .
In [15] , the author is concerned with the existence and uniqueness of positive solutions for the following boundary value problem with p-Laplacian operator:
where 0 < β ≤ 1, 2 < α ≤ 2 + β are real numbers, D α 0 + and C D β 0 are the Riemann-Liouville fractional derivative and Caputo fractional derivative of order α, β, respectively, p > 1, and f : [a, b] × R → R is a continuous function. By using the Banach contraction mapping principle and the Guo-Krasnosel'skii fixed point theorem, respectively, three theorems on the existence and uniqueness of nontrivial positive solutions for fractional boundary value problems (FBVP) (1.2) were obtained.
Chen et al. [12] investigated Caputo fractional differential equation boundary value problems with p-Laplacian operator at resonance:
are standard Caputo fractional derivatives. The existence of solutions for boundary value problem (1.3) was obtained by means of the coincidence degree theory.
Lu et al. [16] studied the following Riemann-Liouville fractional differential equations boundary problems with p-Laplacian operator:
are standard Riemann-Liouville fractional derivatives. By using the Guo-Krasnosel'skii fixed point theorem and upper-lower solutions method, some new results on the existence of positive solutions were obtained.
Recently, in [17] , we studied the high-order conformable differential equations with p-Laplacian operator as follows:
where n -1 ≤ α < n and T 0 + α is a new fractional derivative called "the conformable fractional derivative". By means of the Guo-Krasnosel'skii fixed point theorem, we established sufficient conditions that ensure the existence of positive solutions to boundary value problem (1.5).
However, in [17] , we only obtained the existence of a positive solution for system (1.5) . Similarly, in [16] and [12] , the authors only got the existence and uniqueness of a nontrivial solution to systems (1.4) and (1.3), respectively. But so far, we have not investigated the multiplicity of positive solutions for fractional p-Laplacian differential equations. To the best of our knowledge, there are few studies that consider the existence of multiple positive solutions on nonlinear Riemann-Liouville high-order fractional differential equations, especially with the p-Laplacian operator. Motivated greatly by the above mentioned excellent works and in order to fill this gap in the literature, in this paper, we investigate the multiple positive solutions of boundary value problems for high-order Riemann-Liouville fractional differential equations with p-Laplacian operator.
The rest of this paper is organized as follows. In Sect. 2, we briefly introduce some necessary basic definitions and preliminary results which are used to prove our main results. In Sect. 3, by means of the properties of the Green's function, Leggett-Williams fixed point theorem, and functional-type cone expansion-compression fixed point theorem, we investigate multiple positive solutions for boundary value problem of Riemann-Liouville fractional differential p-Laplacian equation systems on n -1 < α ≤ n, our work establishes some novel results on a nonlinear Riemann-Liouville fractional-order boundary value problem. Finally, in Sect. 4, we demonstrate the effectiveness of the main results by one example.
Preliminaries
For the convenience of the reader, we give some background material from cone theory and fractional calculus to facilitate the analysis of FBVP (1.1).
A nonempty closed convex set P ⊂ E is a cone if it satisfies: 
provided the right-hand side is pointwise defined on [0, +∞).
where n = [α] + 1, [α] denotes the integer part of number α, provided the right-hand side is pointwise defined on [0, +∞).
Definition 2.4 ([18]) Let p > 1, the p-Laplacian operator is given by
Obviously, ϕ p is continuous, increasing, invertible and its inverse operator is ϕ q , where q > 1 is a constant such that 1 p + 1 q = 1.
where c i ∈ R, i = 1, 2, 3, . . . , n (n = [α] + 1).
Lemma 2.2 Let g be a continuous function on (0, 1). Then the Riemann-Liouville fractional boundary value problem
has a unique positive solution
is the Green's function for this problem.
Proof For boundary value problems (2.1), by using Lemma 2.1, we can get
From u (i) (0) = 0, (i = 0, 1, . . . , n -2), it is easy to know c n = c n-1 = · · · = c 2 = 0. So, we obtain
Setting t = 1 in the above equation, by the condition [ R 0 D β t u(t)] t=1 = 0, we can know
From the above equations, we can get
is the Green's function of FBVP (2.1).
Lemma 2.3
For (t, s) ∈ (0, 1) × (0, 1), Green's function (2.3) has the following properties:
(1) G(t, s) is a continuous function;
Proof It is evident that G(t, s) is a continuous function and inequality (3) holds. So, we only need to prove inequality (4) and
In addition, for ∀s ∈ (0, 1), from 0 < β ≤ α -1 and n -1 ≤ α ≤ n, we get (1s) α-β-1 ≥ (1s) α-1 . In other words, for ∀(t, s) ∈ (0, 1) × (0, 1), we obtain
Therefore, the proof is done.
Lemma 2.4 ([19]
) Let E be an ordered Banach space, P ⊂ E be a cone, and suppose that
Then Φ has at least two fixed points u * 1 , u * 2 such that u * 1 ∈ P ∩ Ω 2 \Ω 1 and u * 2 ∈ P ∩ Ω 3 \Ω 2 .
Let 0 < a < b be given, and let γ be a nonnegative continuous concave functional on P. Define the convex sets P r and P(γ , a, b) by P r = {x ∈ P | x < r} and P(γ , a, b) = {x ∈ P | γ (x) ≥ a, x ≤ b}. P(γ , b, c) with Ax > d. Then A has at least three fixed points x 1 , x 2 , and x 3 such that x 1 < a, γ (x 2 ) > b, and
Proposition 2.5 ([20]) Let A : P c → P c be a completely continuous operator, and let γ be a nonnegative continuous concave functional on P such that
γ (x) ≤ x for all x ∈ P c . Suppose that there exist 0 < a < b < d ≤ c such that (B 1 ) {x ∈ P(γ , b, d) | γ (x) > b} = φ and γ (Ax) > b for x ∈ P(γ , b, d); (B 2 ) Ax ≤ a for x ≤ a; (B 3 ) γ (Ax) > b for x ∈x 3 > a with γ (x 3 ) < b.
Main results

Lemma 3.1 If g ∈ C[0, 1] is given, then the Riemann-Liouville fractional boundary value problem
2)
where G(t, s) is given in (2.3).
Proof Applying the fractional integral operator 0 I α t on both sides of the first equation of (3.1), we have
From the boundary value conditions [ϕ p ( R 0 D α t u)] (i) (0) = 0 (i = 0, 1, 2, . . . , n -2), we can know that d n = d n-1 = · · · = d 3 = d 2 = 0. So, we obtain
For 0 < β ≤ α -1, applying the fractional derivative operator R 0 D β t on both sides of the equation above, we have
))] t=1 = 0, we can get
Furthermore, we can obtain
By using the Laplacian operator ϕ q on both sides of the equation above, we get
In addition, setting g(t) = ϕ q ( 1 0 G(t, s)g(s) ds), thus, the high-order Riemann-Liouville fractional differential systems with p-Laplacian operator (3.1) is equivalent to the problem This constitutes the complete proof.
Then P is a cone on the space E.
In addition, we define the operator Φ : P → E by 7) and for any u ∈ E, it is easy to show that Φu ∈ E and Proof Firstly, for ∀u ∈ P, by (3.7) and Lemma 2.3, it is easy to know that Φ : P → P. Let {u j } ⊂ P and lim j→∞ u j = u ∈ P, so there exists a constant γ 0 > 0 such that u j α ≤ γ 0 and u α ≤ γ 0 for j = 1, 2, . . . .
In addition, for ∀(t, s) ∈ (0, 1) × (0, 1), from Lemma 2.3 we can get that
Then, from the Lebesgue dominated convergence theorem, we get lim j→∞ (Φu j )(t) = lim Because f is continuous, there exists (3.11) which implies that Φ(A) is uniformly bounded in P. Finally, because G(t, s) is continuous on [0, 1] × [0, 1], then G(t, s) is uniformly continuous. Hence, for any ε > 0, there exists δ 1 > 0, whenever t 1 , t 2 ∈ [0, 1] and |t 2t 1 | < δ 1 ,
Furthermore, for any u ∈ P, we have (Φu)(t 2 ) -(Φu)(t 1 )
In addition, setting (Fu)(t) = Because ϕ q (x) is continuous on [0, L], we can get ϕ q (x) is uniformly continuous on [0, L].
For ε > 0 above, there exists η > 0 such that
In view of that G(t, s) is uniformly continuous, for η > 0, there exists δ 2 > 0, whenever
By (3.12) and (3.13) , it is easy to see that
Thus, Φ(A) is equicontinuous. By Arzela-Ascoli theorem, we can show that Φ is completely continuous.
For convenience, we introduce the following notations: Proof We know that Φ : P → P is completely continuous by Lemma 3.2, we only need to consider the existence of a fixed point of operator Φ in P. Now, we divide the proof into the following three steps.
Step 1. Let Ω a := {u ∈ P | u α < a}. For any u ∈ ∂Ω a , we have u α = a and f (t, u(t),
]. Hence, we can know
Step 2. Then we obtain A -1 = 0.5319 and B -1 = 0.176. It is easy to know that A = 1.8801 and B = 5.6818.
Besides, let f (t, u) = ( 3 2 ) u + t 2 8 ≥ 0 for ∀t ∈ [0, 1], and choose a = 1 10 , b = 2, c = 12. We get From the definitions of φ and ψ, we get ψ(a) ≥ ϕ p (aB), φ(b) ≤ ϕ p (bA), and ψ(c) ≥ ϕ p (cB). So, all conditions of Theorem 3.1 are satisfied. Then system (4.1) has at least two positive solutions u * 1 , u * 2 ∈ P such that 1 10 ≤ u * 1 ≤ 2 and 2 ≤ u * 2 ≤ 12.
